Using a well established method to engineer non abelian symmetries in superstring compactifications, we study the link between the point splitting method of 
Introduction
Recently M. Creutz and co-workers developed in refs [1, 2] a method to implement flavor symmetry of quarks in lattice QCD by proposing a nice interpretation to the different γ 5 -chiralities of the zeros of the lattice Dirac operator as states of a flavor multiplet.
This approach, known as the point-splitting method, has been used for various purposes; in particular to identify species in naive and minimally doubled fermions as quark flavors with a non abelian symmetry; and also to define proper flavored-mass terms to extract the index in the spectral flow [3] ; see also [4] - [16] for related issues.
On the other hand, one of the lessons learnt from the link between the gauge theory of elementary particles and superstrings is the way to engineer non abelian symmetries for both gauge invariance and flavors [17, 18] . The engineering of these symmetries has been shown to be a smart key to approach the low energy limit of superstrings; especially in dealing with Calabi-Yau compactifications of type II superstrings with branes wrapping cycles [19, 20, 21, 22, 23] . These compactifications involve singular internal manifolds with local singularities leading remarkably to a geometric engineering of the continuous symmetries that we see at low energies [24, 25, 26] .
The principal aim of this paper is work out explicitly the link between the point-splitting method of Creutz and collaborators; and the geometric engineering of symmetries by using singularity theory of complex geometry. For concreteness, we will focuss on specific models of lattice QCD namely the Karsten-Wilczek fermions and the naive ones; but our construction is general and applies as well for other fermions. Among our results, we mention too particularly the two following things. 1) the zero modes of the Dirac operator D naive for naive fermions on 2d-dimension lattice L 2d are associated with toric singularities [19, 27, 28, 29] with γ l the hermitian 2 d × 2 d gamma matrices satisfying the Clifford algebra in 2d-dimensions. The zeros of this periodic matrix operator, which are located at sin p l = 0, that is at p l = 0 and p l = π mod 2π; may be remarkably thought of as the north and south poles of a real 2-sphere S 2 ; a property that let understand that the Creutz flavors has much to do with the local patches of S 2 ; see details given in section 3 and eqs(7.6-7.7)
of appendix for further explicit relations. We will see throughout this study that D naive can be also viewed as the antihermitian part of the complex matrix operator
where (z l , ζ l ) ∼ (λz l , λζ l ), with arbitrary non zero λ, are homogeneous complex coordinates parameterizing the complex projective line CP 1 ∼ S 2 . This manifold has two toric singularities effectively located at the north and south poles of S 2 and given, in spherical
coordinates (x, y, z) = (sin θ cos ϕ, sin θ sin ϕ, cos ϕ), by the solutions of sin θ = 0.
2) The two zero modes of the Dirac for 4-dimensional Karsten-Wilczek fermions have a different geometric interpretation with respect to those of the naive fermions. In the Karsten-Wilczek case as described in [30, 31, 1, 2] , we find that the zeros are intimately related with the small resolution of the conifold singularity in complex 3-dimension Kahler manifolds [32, 33, 34, 35] . To exhibit rapidly this link, recall that the Dirac of KarstenWilczek fermions reads in reciprocal space like
(1 − cos p l ) (1.3) Notice that the γ l -coefficients for the first three terms are exactly as for naive fermions in 4d; and so capture the same geometrical property as for (1.1). The γ 4 -coefficient however has a different structure; it depends on two special things: (i) it is given by the sum over the terms (1 − cos p l ) that have an interpretation in terms of the stereographic projection of the real 2-sphere; and (ii) it has an extra real and free which, according to the expansions (2.11-2.12), it may be also interpreted as the mass of a non relativistic mode living near the Dirac points. We show in this study that for α = 0 mod π, this singularity is exactly similar to the singularity of the conifold T * S 3 ;
and the values α = 0 corresponds precisely to the small resolution of the conic singularity at α = 0.
The presentation is as follows: In section 2, we review briefly the main lines of the point-splitting method of Creutz for Karsten-Wilczek (KW) fermions of lattice QCD 4 ; a similar construction is valid for naive fermions (NF). In section 3, we study in details the link between the zero modes of the Dirac operator of naive fermions of lattice QCD 2 and toric singularities; the extension to higher dimensions is straightforward and so omitted.
In section 4, we give some useful tools on singularity theory in complex geometry and work out the link with the Creutz point splitting method. In section 5, we study the relation between the zero modes of the Dirac operator of Karsten-Wilczek fermions and the small resolution of conifold. In section 6, we give a conclusion and comments. In the appendix, we recall some useful relations on stereographic projection of real 2-sphere and its Kahler structure.
Point-splitting method of Creutz
In this section, we describe the main lines of the point splitting method of Creutz [1] for the case of naive fermions and for the Karsten-Wilczek ones on 4-dimensional lattice with typical Dirac operator in reciprocal space as
For the naive fermions, the coefficients
{D lattice , γ l } of the gamma matrices are all of same nature; and are given by F l = sin p l with
For Karsten-Wilczek fermions, the F l 's are as in eq(1.3); so the difference between
lattice ≡ D KW concerns the expression of the component
In eqs(2.1-2.2), the p l variables are the phases of the wave functions of the particle along the hopping direction; the k l 's are the components of the wave vector
and the number a is the spacing parameter of real lattice. In this section, we will mainly focus on KW fermions because of its richer structure; a similar and straightforward analysis is valid for the naive ones.
specific features of Karsten-Wilczek fermion
The Karsten-Wilczek fermion is a particular 4-dimensional QCD model living on a hypercubic lattice with a Dirac operator D KW having two fermionic zero modes. In the reciprocal space, the lattice Karsten-Wilczek operator D KW reads as follows
where, for simplicity, interactions with link fields have been dropped out.
Special properties of D KW
The operator D KW has some remarkable features; in particular the 3 following ones relevant for our study: (i) it depends on an extra real free parameter α whose geometric interpretation will be studied in details later on. (ii) It is an anti-hermitian operator that follows from the Fourier transform of the tight binding hamiltonian of Karsten-Wilczek fermions [2, 36, 37] . This means, on one hand, that D KW can be imagined as
and, on the other hand, it has a hermitian companion
expected to play some role in the geometric interpretation of the zeros. (iii) Because of the gamma matrices, D KW is 4 × 4 matrix operator that acts on 4-component spinorial wave functions ψ (k) depending on the wave vectors k of the hopping particles,
with φ i andχ i standing respectively for the left ψ L = 1 2
(1 + γ 5 ) ψ and the right ψ R = 1 2
(1 − γ 5 ) ψ handed of ψ. The latters are 2 component Weyl spinors of SO (4),
having opposite chiralities; γ 5 ψ L = ψ L and γ 5 ψ R = −ψ R . The operator D KW has two zero modes which we denote as P ± = aK ± ; they are located in the reciprocal space at
has coupled simple poles; by setting p 1 = p 2 = p 3 = 0 for simplicity and leaving p 4 free, one can show that this propagator reads as
Observe by the way that in the limit α = 0, the two zeros of eq(2.8) collide at the origin (0, 0, 0, 0) of the reciprocal space. This leads to a double pole and so to a symmetry enhancement to be studied in section 5.
Expansions of D KW near the zero modes
To get the expressions of the Dirac operator near its two zero modes P ± µ , we first set p µ = P ± µ + q µ with q µ small fluctuations around the zeros; then expand D KW in series of q µ to end with two 4 × 4 matrix operators that we denote like
The value of these operators at first orders in q µ gives the usual Dirac operator in continuum; but with two different kinds of gamma matrix representations γ µ and γ ′ µ . For D + , we have at the two leading orders in q µ
where the first term is precisely the Dirac operator of a free particle and the second term could be interpreted as a non relativistic massive mode with mass depending on α.
Similarly, we find for D − ,
but now with different matrices γ ′ µ that are related to the previous γ µ 's as
showing that the two zeros (2.8) are not equivalent as they have opposite γ 5 -chiralities.
Notice that the relations between γ ′ µ and γ µ can be rewritten into a condensed form like
where Γ is a similarity transformation given by Γ = iγ 4 γ 5 and preserve the Clifford
The last feature can be explicitly checked by using the following representation of the gamma matrices
with σ k standing for the usual 2 × 2 Pauli matrices and
from which we learn amongst others that Γ + = Γ and Γ + Γ = I 4×4 .
the point splitting method
The point splitting method of Creutz [1, 2] Recall that the propagator of KW fermions has coupled poles (2.9) having the typical
with some number C. These coupled simple poles at Z = ±1 can be split in terms of two isolated simple poles by using the relation
Following [1, 2] , the point splitting method to get the flavor u (p) living in the neighborhood of P + µ can be done by multiplying the wave function ψ (p) by a factor that removes the other pole at P − µ . The same procedure can be done for the flavor d (p). This procedure leads to the fields (2.20) with Γ = iγ 4 γ 5 ; and are thought of as the components of an SU(2) flavor doublet,
Here e 1 , e 2 , e 3 , e 4 stand for the basis vectors in the 4-dimensional reciprocal space. In the doubler representation Ψ, the usual chiral matrix γ 5 acting on ψ gets promoted to the tensor product
together with
where now Ψ is as in (2.21) . This point splitting method allows to construct as well mass terms (flavored-mass terms) that assign different masses to the two species. This is done by promoting the 4×4 identity matrix I 4 on ψ as follows
so thatψ
which up on substituting (2.21) leads to, on one hand, tō
and by help of (2.20) toū
A similar analysis is valid for naive fermions; for more details see below and [2] . In what follows, we study the link between the point splitting method of Creutz and a class of singular complex Kahler manifolds. We first consider the case of naive fermions in 2-dimensional lattice as a matter to illustrate the idea and also to introduce some useful tools; then we turn to the KW model.
Naive fermions and toric singularities
In this section we show that the point splitting method for naive fermions (NF) is intimately associated with toric singularities of a particular class of toric manifolds. For the example of 2-dimensional naive fermions on which we focuss below, the corresponding toric manifold is precisely given by the complex projective surface
made of two CP 1 copies. Recall that the complex projective line CP 1 is isomorphic the usual real 2-sphere S 2 and therefore S is given by the real 4-dimensional compact manifold S 2 ×S 2 [38] . We show also that the first Brillouin zone modded by Z 2 symmetry of the Dirac operator is nothing but the toric graph of CP 1 × CP 1 .
the naive D N F operator and toric manifolds
To exhibit the link between the zeros of the Dirac operator of naive fermions and toric singularities, let us focus on the simple case of a 2-dimensional lattice with Dirac operator D N F in reciprocal space given by the following field matrix,
with the phases (p 1 , p 2 ) related to the wave vector components (k 1 , k 2 ) as in eq(2.2); that
The extension to higher dimensions is straightforward.
explicit features of D N F in QCD 2
First notice that to make contact between the zeros of D N F and the usual singularities of complex algebraic geometry, we need to identify a complex operator D that is associated with D N F and capturing the same physical features as those carried by (3.2). In particular, it has to be valued in the Clifford algebra in same manner as D N F ;
and has to live on same complex surface parameterized by local coordinates (z 1 , z 2 ) with
and F 2 (z 1 , z 2 ) having the same zeros as D N F .
To build this complex operator, we start by analyzing some useful properties of D N F that are behind the point splitting method. These features are of two kinds: those manifestly exhibited on (3.2); and others ones implicit. Here, we consider the manifest properties of D N F ; the implicit ones will be given in next subsection.
From eq(3.2), we learn that D N F has 3 remarkable and manifest properties:
(1) it is an anti-hermitian operator
and so it can be put into the form
This feature means also that D N F has a partner given by
that turns out to be helpful in looking for a geometric interpretation of the origin of the splitting method of Creutz.
(2) D N F is generally non linear in (p 1 , p 2 ) as it depends on the sin p l 's; but its expansion near the zeros
has a linear behavior precisely given by the Dirac operator in continuum namely
This property is also required by lattice QCD in the continuous limit.
(3) D N F is periodic in both p 1 and p 2 variables; a property that allows to restrict the analysis in the reciprocal space to the fundamental surface of the 2-dimensional momentum 
implicit features of D N F
The D N F given by eq(3.2) has also non manifest features; one of them is that it behaves as an odd operator under the Z 2 transformation in the momentum space
This property allows to restrict the analysis on D N F further to
and to which we refer to as unit cell; see fig 1. Later on, we will show that this unit cell is precisely the toric graph of the complex projective surface CP 1 × CP 1 with shrinking 1-cycle on edges and 2-cycle at the vertices. This feature is related to the fact the two zeros of the sin p's of (3.2) can be interpreted as the north and south poles of a real 2-sphere with coordinates
with ϕ generating the circle S 1 ϕ
For p = 0, this circle S 1 ϕ shrinks to the north pole N located at (x, y, z) = (0, 0, 1) (3.14)
and for p = π it shrinks to the south pole S at
The variation of the radius ρ = sin p of the circle S 
where (z i , ζ i ) ∈ C − {(0, 0)}. Notice that this complex operator D is invariant under the gauge symmetry
with λ and µ two non zero complex number generating the C * × C * symmetry group.
From this view, the operator D = z 1 γ 1 + z 2 γ 2 appears as a particular case of (3.18) and is recovered by fixing ζ 1 and ζ 2 as follows:
The others zeros of the naive fermions are given by working out the full set of solutions of D = 0; this is done below.
Zeros of complexified naive D and point splitting method
We first study the zeros of D by using the homogeneous complex coordinates (z 1 , ζ 1 , z 2 , ζ 2 ) of the complex surface S; then we give the link between the patches of S and the point splitting method.
the 4 zeros of D
The conditions (3.20) on the complex variables ζ 1 and ζ 2 are well known relations in complex projective geometry; they correspond precisely to a particular gauge fixing of
Being arbitrary non zero complex numbers, one may use this arbitrariness to make diverse particular choices of λ and µ. One of these choices is given by the example
leading to the following local coordinate patch of the surface surface S (z
These relations teach us that the complex variables (z 1 , ζ 1 , z 2 , ζ 2 ) are homogeneous coordinates that parameterize the complex projective surface 24) embedded in the complex space C 4 . They tell us moreover that (z 1 , ζ 1 ) and (z 2 , ζ 2 ) are respectively the complex coordinates parameterizing the complex projective curves CP 1 of the complex surface (3.24).
Notice that, along with (3.22), there are also 3 other possible and independent choices of the gauge parameters λ and µ; they lead to 3 other local patches of the complex surface S; they will be given later on. Notice also that in the language of real geometry, the manifold S can be thought of as given by the 4-real dimensional compact space S = S 2 × S 2 which can be viewed as
describing the fibration of a real 2-sphere S 2 f fibered on the base 2-sphere S 2 b . The complex operator D has 4 manifest zeros located at
in agreement with (3.6). These 4 zeros are precisely located at the north N and south
where live as well toric singularities; for technical details see section 4.
point splitting method
Invariance of D under the gauge symmetry (3.20) allows to make appropriate choices of local coordinate patches U of the complex surface S = CP 1 × CP 1 without affecting the physical properties carried by D. It happens that there are 4 main possible and independent local coordinate patches
with the intersection property
These patches are also in one to one correspondence with the 4 possible gauge fixing conditions of the C * × C * symmetry
For example, on the coordinate patch U I of the complex surface S = CP 1 × CP 1 , which is also equivalent to just setting
and thinking about z 1 and z 2 as free local complex coordinates, the gauge symmetry C * × C * is completely fixed; and the complexified Dirac operator D reduces to eq (3.16) with a zero at (0, 1, 0, 1). This property shows that the splitting method of the four zeros of (3.2) is intimately related with the gauge fixing choices (3.30) . In other words, there is a one to one correspondence between the 4 Creutz flavors and the Dirac operator D (U) on the 4 local patches of S = S 2 × S 2 as given in the following table,
On each local patch U of the complex surface S, the complex operator D (U) has a simple zero where live a degenerate toric symmetry.
Below, we give details on this kind of singularities whose typical graphic representation is depicted in figures 3 and 4.
Toric singularities and Creutz Flavors
Here we show, by using explicit tools, that Creutz flavors in naive fermions live exactly at the toric singularities of the complex surface CP 1 × CP 1 ; the extension to higher dimensions follows the same rule. To that purpose, we start by recalling some useful tools on toric symmetry and toric singularities; then we make the link with Creutz flavors.
two examples of toric singularities
Here, we give two examples of toric manifolds and toric singularities as a way to illustrate the general idea. We first consider the simple case of C, the set of complex numbers;
then we describe the case of the complex projective line CP 1 . The latter is one of the basic objects in dealing with toric geometry; in particular in building toric graphs and studying toric singularities.
The complex line C is the simplest example of toric manifolds. To exhibit the toric structure of C and build the corresponding toric graph [19, 29, 27, 28] , it is convenient to think about the complex coordinate z = x + iy as z = |z| e iϕ (4.1) with |z| = x 2 + y 2 ∈ R + and tan ϕ = y x
. By using this representation, the complex line C may be viewed as the fibration of a circle S 1 over the real half line R + ; i.e:
This non compact complex line admits a natural U (1) action operating as
with a fixed point at z = 0. In toric geometry, the complex line C is represented by a toric graph given by the half-line R + = [0, ∞[, corresponding to |z|, above which there is a circle of radius r = r (|z|). The toric graph of C is depicted in fig 3; the circle of the 2) the projective line
The projective line CP 1 is one of the basic objects in drawing toric graphs of toric manifolds; it is then useful to have some extensive details on this compact complex curve, which in the real geometry language, describes precisely the real 2-sphere S 2 considered in section 3.1.2. First notice that S 2 may be realized in various, but equivalent, manners depending on the targeted features. We have the three following realizations of S 2 :
(i) by embedding it in the real 3-euclidian space as usual like (
with x i standing for the coordinates of R 3 .
(ii) by thinking about it as the coset group manifold
which is realized by using two complex variables w + , w − constrained as [39, 40] 
together with the gauge identification
Equation ( 
the complex surface CP
This is a complex 2-(real 4-) dimensional compact manifold that can be described by 4 complex homogeneous variables
obeying the identifications
where λ and µ are two non zero complex numbers. This complex surface has a U 2 (1) toric action, consisting of the U 4 (1) action on the phases of (z i , ζ i ) modulo the action of the diagonal U (1) × U (1) which act trivially on CP 1 × CP 1 . Being a toric manifold, CP 1 × CP 1 may be viewed as the fibration
with real 2-dimensional base ∆ 2 and a fiber T 
The fixed point of the θ 1 action consists of the complex line (0, 1, z 2 , 1) describing a local coordinate patch of a projective line CP 1 to which we refer as the copy CP which is a fix point of both θ 1 and θ 2 actions. The same situation takes place for the other patches; for instance if we work in the coordinate patch where z 1 = ζ 2 = 1, we can consider a basis of the U 2 (1) action to consist of
The fix point of the φ 1 action consists of (1, 0, z 2 , 1) and describes the projective line CP 1
parameterized by
While the fixed point of the θ 2 action is a CP 1 parameterized by
; it is precisely the CP to zero; these points correspond to fix points of the U 2 (1) toric action.
Creutz Flavors
First recall that for QCD 2 naive fermions, the Dirac operator
has four zeros in reciprocal space located at P m 1 ,m 2 = (P
) with: 
2 ) , B = (P
1 , P
2 ) C = (P 
and obeying as well the same Clifford algebra. The above relations can be also written in terms of the following similarity transformations 
Moreover, thinking about sin p 1 and sin p 2 as the radii of two circles as in eq(3. representation of SU (2) × SU ′ (2).
KW fermions and Conifold
We begin by recalling the Dirac operator D KW of the KW fermions on 4-dimensional lattice. This is anti-hermitian 4×4 matrix operator given by (2.4) which, for convenience,
we rewrite it as
with F l = sin p l for l = 1, 2, 3 as for naive fermions; and the fourth component F 4 given by
Generally, this operator depends on three basics objects namely: (1) the 4 gamma matrices γ 1 , γ 2 , γ 3 , γ 4 satisfying the euclidian Clifford algebra γ µ γ ν + γ ν γ µ = 2δ µν leading to the remarkable property
where I 4 is the 4×4 identity matrix. (2) the real 4 phases e ip 1 , e ip 2 , e ip 3 , e ip 4 of the wave functions of the particle propagating along the directions towards the first nearest neighbors in the real 4d-hypercubic lattice; and (3) the free real parameter α showing that the KW operator (2.4) is in fact a one-parameter flow operator
with spectral parameter α.
zeros of D KW as fix points of Z 2 symmetry
The operator D KW has some remarkable features that allows to interpret the point splitting method of Creutz in terms of a blown up singularity in complex geometry. Four useful features for this study are collected below:
i) D KW is a periodic operator in the reciprocal space variables p 1 , p 2 , p 3 , p 4 and also in the spectral parameter α. So the variation of the p l 's and α can be restricted to a particular period which can be taken as
ii) D KW is moreover odd under the Z 2 parity transformation reversing simultaneously the sign of the phase variables p l and the spectral parameter α as follows
This Z 2 anti-symmetry allows to restrict further the domain (5.5) down to
We will refer to this fundamental domain in the reciprocal space as the unit cell; this is a 4-dimensional hypercube with volume, in terms of the spacing parameter a of the real lattice, given by π 4 a 4 . iii) the operator D KW admits also another property that has no analogue in the case of naive fermions; it is singular for α = α sg with
as explicitly shown on the expression of F 4 (5.2). This feature can be also exhibited by computing the leading terms of the expansion of F 4 for α close to α sg . In the case α ∼ 0, we have
whose leading term has a pole at α = 0. Notice that at this pole, the function F 4 diverges as far as • Karsten-Wilczek fermions have non trivial wave phases only along the e 4 -direction,
• the two zeros collide in the limit α → 0 giving a rank two degenerate zero:
Observe also that for those p l phases that are in the nearby of the zeros P ± , say for instance p l = P + + q l with small q l , the coefficient F 4 reads as
and expands, at first order in q, like
F 4 as a resolved conifold singularity
By writing the Dirac operator as
with F 4 given by the α-dependent function
we learn that the zeros of the sin p l coefficients along the γ 1 , γ 2 , γ 3 directions are as in the case of naive fermions and so are interpreted in terms of toric singularities as in fig 5. However the two simple zeros of the term F 4 have a different geometric interpretation; they are associated with the small resolution of the conifold singularity which we prove hereafter.
useful tools on singularities
To get the link between the two zeros of the KW fermions and the small resolution of conifold singularity, it is helpful to start by giving some useful tools on SU (2) and conifold singularities; then turn back to derive the relation with zeros of KW fermions.
To this end we will proceed as follows:
• first, we describe briefly the SU (2) singularity and its resolution in terms of a blown up real 2-sphere where the order 2 degenerate zero gets replaced by two simple zeros [17, 18] .
• second, we study the conifold singularity together with its complex and Kahler deformations. The latter, known also as the small resolution, uses a blown up 2-sphere to lift the conifold singularity [32, 33, 34, 35] ; it is the one related to the zeros of KW fermions.
A) SU (2) singularity
There are various ways to introduce this singularity; the most natural one is given by considering those singular complex surfaces
embedded in C 3 and known as the Asymptotic Locally Euclidian (ALE) space. In this case, the shape of the complex surface G near the singularity is described by the following complex algebraic relation
which is invariant under the Z 2 symmetry z l → z ′ l = −z l . This discrete symmetry has a fix point z ′ l = z l at the origin (z 1 , z 2 , z 3 ) = (0, 0, 0) where live indeed an SU (2) singularity. Up on performing the variable change
we can bring the above relation to the familiar form,
with fix point of the Z 2 symmetry at (u, v, z) = (0, 0, 0). Recall that by SU (2) singularity, we mean that the equation G = 0 and its differential dG = 0 have the same zeros which in this example is precisely the fix point of the Z 2 symmetry namely (z 1 , z 2 , z 3 ) = (0, 0, 0).
Notice also that the complex surface (5.16) is a manifold belonging to an interesting class of Kahler manifolds known as toric manifolds. These manifolds, introduced in section 4, admit toric actions and are nicely represented by toric diagrams. In the case of the ALE From the structure of eq(5.16), the complex 2-dimension surface G (z 1 , z 2 , z 3 ) = 0 is nothing but the tangent bundle of the 2-sphere T * S 2 which may be thought of as given by the fibration S 2 × R 2 . This feature can be viewed by working with the real coordinates;
by using z l = x l + iy l and putting back into (5.16), we obtain the two real equations
The compact part of this manifold obtained by setting y l = 0; the reduced relation describes a real 2-sphere S 2 ; but with vanishing volume; that is a singular 2-sphere:
The singular surface (5.16) may be smoothed by giving a non zero volume to the above singular S 2 ; this is achieved by replacing (5.16) by the deformed relation
where β is an arbitrary non zero number. Rewriting this deformed relation as
one sees that the double zero at z 2 3 = 0 is now splited into two simple zeros located at
This is almost what happens with the zeros of the KW fermions which are located in the real 4-dimensional reciprocal space at
the role of the parameter β is played by the free parameter α. We will turn to this relation in next subsection; in due time notice that in toric geometry language, the SU(2) singularity of the ALE space corresponds to the shrinking of 2-torus at the origin;
the deformation corresponds to blowing up a 2-sphere at the singularity. So the two degenerate zeros living at the fix point get splited and pushed towards the north and south poles of the blown up sphere as in fig 4. The blown up breaks the SU (2) living at the singularity down to its U (1) subgroup
The complex 3d-conifold we are interested in here is given by the complex 3-dimensional affine variety generally defined by the complex algebraic equation
describing a singular complex 3-dimensional hypersurface embedded in C 4 . By using the following change of variables
this complex relation can be brought to the diagonal form
Viewed as a real 6-dimensional affine variety embedded into the euclidian space R 8 , the real relations that define the conifold are obtained by substituting z l = x l + iy l back into The non compact part, parameterized by the y l variables, is given by the real 3-dimensional space R 3 which, in spherical coordinates, can be also viewed as given by the fibration of a real 2-sphere on the half line like R + × S 2 . So the conifold may be thought of as
The geometry of this real 6-dimensional conifold can be therefore imagined as a cone in R 8 with base S 2 × S 3 and top at the origin as heuristically depicted by in fig 7- a.
On the other hand, by using the Hopf fibration S 3 ∼ S 1 ×S 2 , which in Lie groups language corresponds to
and using as well the toric fibration of the complex line C = R + × S 1 , one may also think about the conifold as a complex 3d-toric manifold with the fibration
The defining equations of this complex threefold, whose toric graph is given by fig 7-b, can be obtained from (5.29) by using the variable change
to put it into the form
These relations may be also obtained from eq(5.26) by setting
Notice that eqs (5.35) are invariant under the U (1) gauge symmetry
which is associated with the S 1 fiber in the the Hopf fibration of S 3 . Notice also that the compact part is given by the relation |U 1 | 2 + |U 2 | 2 = 0; and the small resolution of the conifold singularity amounts to substitute it by
where the positive number ξ stands for the Kahler parameter of the 2-sphere S 2 ∼ S 3 /S 1 .
Under this resolution, eqs(5.35) get promoted to 
With these tools at hand we turn to study the zeros of the KW fermions.
the F 4 term (5.2)
Here, we give the explicit relation between the zeros of the F 4 term (5.2) and the small resolution of the conifold singularity. To that purpose, notice first that for α = 0, we have
The typical terms (1 − cos p l ) can be seen as (1 − z l ) with z l = cos p l giving the altitude of the shrinking circle x 2 l + y 2 l = sin 2 p l of the real 2-sphere parameterized by the spherical coordinates, we can rewrite the Dirac operator for the KW fermions like
with
satisfying the constraint relation
we can rewrite the D KW operator like
with the F 4 term along the γ 4 direction as follows
Clearly, in the real coordinate frame (Y 1 , Y 2 , Y 3 , Y 4 ), the zeros of the F 4 term describe a real 3-sphere S 3 of radius |B|. So the the limit B → 0, which by using (5.46) corresponds to the limit α → 0, describes precisely the vanishing of the volume of a 3-sphere; 
Then substituting
back into (5.52), we get for the first 3 terms
and for the 4-th the following
In the particular case ξ = 0, the term L 4 reduces to
By setting
we also have
The zeros of L 4 are obtained by solving the two following relations given by the real and imaginary parts ) with Like for naive fermions, these zeros for an SU (2) doublet and have as well a geometric interpretation in terms of the small resolution of the conifold. In the spherical coordinates (θ, ϕ) with zenith θ and azimuth φ variables as 0 ≤ θ ≤ π, 0 ≤ ϕ ≤ 2π; we can combine the u and v coordinates into a complex one like u + iv = sin θe iϕ , w = cos θ (7.5) showing that the singularity at the south pole θ = π is stereographically mapped to the origin of the complex plane; and the singularity at north θ = 0 is mapped to infinity.
This property should be compared with the two zeros of the complex ratio 
